Abstract. We propose a definition for analytic torsion of the Rumin complex on contact manifolds. This is given by the derivative at zero of a well-chosen combination of zeta functions of a fourth-order modified Rumin Laplacian. The regular value at zero (before differentiation) of this well-chosen combination of zeta functions is shown to be a contact invariant. The variation of our analytic torsion is given as the integral of local terms, together with a global term coming from the null-space of the Laplacian.
Introduction
The purpose of these notes is to propose a definition for analytic torsion of the Rumin complex on a contact manifold. We hope that this could contribute to further research in at least two (related) areas: diabatic limits and invariants of contact structures. We shall say more about these topics below.
The initial impetus for our work was a remark made by Rumin on the last page of his paper [27] . He suggests that investigating global spectral Riemannian invariants, such as eta invariants or analytic torsion, in the socalled diabatic (or sub-Riemannian) limit represents an interesting area for investigation.
The Rumin complex is a refinement for contact manifolds of the de Rham complex of differential forms. From the point of view of spectral geometry, one reason for its interest is that, roughly speaking, the spectrum of its Laplacian lies at the diabatic limit of that of the usual Laplacian from Riemannian geometry (for details see [27] , [5] ). One may speculate that in the diabatic limit spectral Riemannian invariants, such as eta invariants or analytic torsion, are somehow related to versions for the Rumin complex.
Our definition, detailed below, of analytic torsion of the Rumin complex is greatly inspired by Branson's recent study [8] of analytic torsion of curved Bernstein-Gelfand-Gelfand (BGG) complexes in conformal geometry. In fact the analogy is deep: BGG complexes in conformal geometry are associated with representations of SO(m + 1, 1) (for a manifold of dimension m); on the other hand, the Rumin complex is, as explained in [1, §5] and [2, §8.1], the most basic instance of a BGG complex associated with a representation of SU (n, 1) (for a contact manifold of dimension 2n + 1).
These notes are an expanded version of a talk given by the author at the "Seoul-Tokyo Conference in Mathematics" at KIAS, Seoul, in November 2006. They are a description of work in progress and as such not intended for publication. Parts of this work will appear in the author's thesis [29] .
Proceeding analogously to Branson [8] , our guide for defining analytic torsion is that its variation, under certain deformations to be made precise below, should be given by the integral of local terms. Our main results are:
Definition. Let (M, H) be a smooth oriented compact contact manifold of dimension 2n + 1. Let θ be a choice of contact form and J a choice of calibrated almost complex structure. Let c n = −2c n−1 .
Then we define contact analytic torsion Tor by
Tor(M, H, θ, J) := κ ′ (0).
Main Theorem. The quantity κ(0) is independent of the choice of contact form θ and calibrated almost complex structure J, i.e., is an invariant of the contact structure H. The first variation • := (d/dε)| ε=0 of Tor in the direction of an aribitrary line of pairs (θ ε , J ε ) of contact form and calibrated almost complex structure is
where α := * −1 * • (with * the Hodge star), a n+1;k is the t 0 coefficient in the diagonal small-time asymptotic expansion of the heat kernel of ∆ k , and P k is orthogonal projection onto the nullspace of ∆ k .
The contact invariant κ(0) always vanishes in dimension three. Whether or not there exist nonvanishing κ(0) in higher dimensions is an open question. The answer to this question may also be related to the work of BiquardHerzlich-Rumin [5] . In their studies of eta invariants and diabatic limits, they define an eta invariant for the Rumin complex on contact manifolds of dimension three, but the question of whether such an invariant exists in higher dimensions is open. We discuss these matters more in the Appendix of these notes.
The relation of our analytic torsion to diabatic limits is not clear. The problem, as also noted in [27] and [5] , is the difficulty in calculating the smalltime behaviour of the Riemannian heat kernel in the diabatic limit. For eta invariants, Biquard-Herzlich-Rumin [5] have shown that the eta invariant of the Rumin complex on so-called CR-Seifert three-manifolds appears in the diabatic limit of the Riemannian eta invariant. Unfortunately we were unable to adapt their results to the analytic torsion setting.
We should mention that these notes are not the first time a description of an analytic torsion for contact manifolds has appeared. In [11] , Cheng gives a heuristic description of an analytic torsion for three-dimensional CR manifolds. Cheng's torsion in fact consists of a combination of functional derivatives coming from the CR deformation complex instead. From the BGG point of view, the deformation complex is associated with the adjoint representation of SU (n, 1), see [9] , as opposed to the Rumin complex coming from the trivial representation.
It appears that Cheng's motivation for introducing his torsion was to use it to classify CR spherical space forms Γ\S 3 , Γ a fixed-point-free finite subgroup of Aut CR (S 3 ), as CR, or perhaps contact, manifolds. In §5.2 of these notes we attempt to calculate our Tor for three-dimensional CR spherical space forms with the standard CR structure and contact form. Unfortunately we are unable to obtain an explicit formula. Explicit calculation of spectrally-defined invariants is inevitably a difficult task and even more so in this contact setting.
Our definition of contact analytic torsion is of course also inspired by the classical Ray-Singer analytic torsion for Riemannian manifolds ( [23] ). The definition of Ray-Singer analytic torsion depends on a choice of Riemannian metric, but Ray-Singer [23] show that in fact it is independent of this choice. Moreover the famous Cheeger-Müller theorem ( [10] , [19] ) says that Ray-Singer analytic torsion coincides with the topologically-defined Reidemeister torsion. We naturally wonder if our contact analytic torsion has any contact-invariant properties and, if so, if there is any connection with contact topology (see, e.g., [14] ).
The layout of these notes is as follows. In §2 we review the construction of the Rumin complex and Laplacian. In §3 we briefly summarise relevant results in Heisenberg calculus on heat kernels and zeta functions. We formulate our contact analytic torsion and prove the Main Theorem in §4. The following §5 contains more explicit formulae and a look at CR spherical space forms in dimension three. We discuss some other recently discovered contact invariants in the Appendix.
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2. The Rumin complex and Laplacian 2.1. The Rumin complex. Let (M, H) be a smooth orientable contact manifold of dimension 2n + 1. This means that the smooth contact distribution H ⊂ T M is given as the null space of a globally-defined one-form, called a contact form, satisfying the condition of maximal non-integrability θ ∧ (dθ) n = 0. The contact forms comprise an equivalence class under multiplication by smooth functions.
Rumin [26] has introduced a refinement of the de Rham complex on contact manifolds defined as follows. Let Ω denote sections of the graded bundle of smooth differential forms on M , I the ideal in Ω generated by θ and dθ, and J the ideal in Ω consisting of elements annhilated by θ and dθ. One verifies that I k = Ω k for k ≥ n + 1, J k = 0 for k ≤ n and that the exterior derivative d naturally induces operators d H to form two complexes
It is clear that these two complexes are defined independently of the choice of θ. Rumin joined these two complexes by means of a second-order differential operator D : Ω n /I n → J n+1 defined by setting D[α] = dβ, where β ∈ Ω n is defined by the following: Proposition 2.1 (Rumin [26, pg. 286] ). Let α ∈ Ω n . Then there exists a unique β ∈ Ω n such that β ≡ α (mod θ) and θ ∧ dβ = 0. Moreover dβ ∈ J n+1 , and if α ∈ I n then dβ = 0.
Rumin furthermore showed that D may in fact be defined independently of the choice of θ.
The Rumin complex is then
Sometimes we will write R k to mean either Ω k /I k or J k .
Proposition 2.2 (Rumin [26, pg. 286]). The Rumin complex forms a resolution of the constant sheaf R and hence its cohomology coincides with the de Rham cohomology of M .
Remark. This result togther with the observation that the rank of the bundles appearing in the Rumin complex is strictly less than those appearing in the de Rham complex (e.g., in dimension 3, 1-2-2-1 as opposed to 1-3-3-1) justifies our claim that Rumin's complex refines de Rham's. Of course the price paid is the appearance of a second-order differential operator.
The Rumin Laplacian.
It is a basic fact that the symplectic bundle (H, dθ) admits a contractible homotopy class of calibrated almost complex structures, i.e., J ∈ End(H) is in this class if and only if J 2 = −1 and the Levi metric 2dθ(·, J·) is positive definite and Hermitian. The Reeb field of θ is the unique vector field T satisfying θ(T ) = 1 and T dθ = 0. Fixing a θ and a J, we may define a Riemannian metric on M by using the Levi form on vectors in H and declaring that the Reeb field T is of unit-length and orthogonal to H.
With these choices, it is straightforward to identify the quotients of forms appearing in the lower-half of the Rumin complex with actual forms ([26, pg. 288]):
where Λ is the adjoint of the operator L :
We henceforth assume that M is compact. With the identification above we now have an L 2 inner product defined on Rumin forms of all order. Let δ H , D * denote the formal adjoint operators. It is straightforward to verify that
where 
We shall also need the following result:
pg. 290]). Each space ker ∆ R is finite-dimensional and there is a Hodge decomposition
R k = ker ∆ R ⊕ im∆ R . Moreover, each cohomology class has a unique ∆ R -harmonic representative, so that H k (M, R) ∼ = ker(∆ R on R k ).
Heisenberg calculus
Central to the definition of analytic torsions in the Riemannian setting ( [23, 8] ) is an understanding of the heat kernels of the relevant Laplacians. These operators being elliptic, the classical pseudodifferential calculus can be applied to construct the heat kernels and study the small-time asymptotics.
The Rumin Laplacian is not elliptic. However there is a (substantially more intricate) calculus that can be applied to it to obtain many qualitatively analogous results on heat kernels. This calculus is called the Heisenberg calculus and was introduced by Beals-Greiner [3] and Taylor [33] . It has been developed in a very general setting that includes the contact case. The interested reader should consult the comprehensive presentation of Ponge [20] for details and further references to the literature. Here we just briefly sketch the results that we shall need in the sequel. . Let E be a Hermitian vector bundle of rank r over a compact contact manifold (M, H) of dimension 2n + 1. Let P :
be a differential operator of even Heisenberg order v that is selfadjoint and bounded from below. If P satisfies the Rockland condition at every point then the principal symbol of P + ∂ t is an invertible Volterra-Heisenberg symbol and as t ց 0 the heat kernel k t (x, x) of P on the diagonal has following asymptotics in C ∞ (M, (EndE) ⊗ |Λ|(M )):
Some explanation about the theorem is in order. The Heisenberg order of P is defined by assuming that a derivative in the direction of the Reeb field T has weight 2, while derivatives in the direction of the contact distribution H have weight 1. The Rockland condition is a representationtheoretic condition defined in [20, Definition 3.3.8] . (The original formulation is due to Rockland [24] and Christ-Geller-Glowacki-Polin [13] .) An operator that satisfies this condition is hypoelliptic, in the sense of [20, Proposition 3.3.2] . The fact that P is bounded from below means that it generates a heat semigroup e −tP , t ≥ 0 on L 2 (M, E), and by hypoellipticity, for t > 0, e −tP is smoothing, i.e., is given by integrating against a smooth kernel 
Contact analytic torsion and proof of the Main Theorem
We shall define a "contact analytic torsion" using a well-chosen linear combination of functional determinants of Laplacians of different degrees from the Rumin complex. Our guide for how to choose this combination, as in [23, 8] , is that the variation (in a sense to be made precise shortly) of the proposed torsion should be given by (the integral of) a local quantity.
In fact a computation soon makes clear that we need to modify the Rumin Laplacian. The Rumin Laplacian as it stands is fourth-order in the middle degree and second-order otherwise. Since a variation formula for torsion will involve variation formulae for Laplacians of neighbouring degree, we really need the Laplacians to all have the same order. We thus replace the Rumin Laplacian with the following Laplacian, which just "bumps up" the second-order operators outside middle degree to fourth order by squaring them: (4.1)
That such a modification should be necessary for a general BGG (sub)complex is also noted by Branson [8] . The variations we are interested in will be in the direction of an aribitrary line of pairs (θ ε , J ε ) of contact form and calibrated almost complex structure for H. We shall indicate with a • superscript the first variation (d/dε)| ε=0 of quantities depending on (θ ε , J ε ).
With α := * −1 * • , one computes the variation of our Laplacian as
Let ∆ k denote ∆ acting on R k . Our candidate for contact analytic torsion is
for some constants c k to be chosen below. Now * ∆ k = ∆ 2n+1−k * implies that ∆ k and ∆ 2n+1−k have the same spectrum; hence ζ(s, ∆ k ) = ζ(s, ∆ 2n+1−k ) and we may assume that
where P k denotes orthogonal projection onto the nullspace of ∆ k .
Lemma 4.1. It holds that
(Tr(e −t∆ ))
Proof. This is an easy application of Duhamel's formula (see, e.g., [25, Proposition 3.15] ).
By this lemma
is certainly independent of θ and J.
A computation shows that
To move the α's to the front we have used the following facts: the heat kernel is a semigroup, i.e., e −t∆ = e −(t/2)∆ e −(t/2)∆ ; if operators A, B are smoothing then Tr(AB) = Tr(BA); the Laplacian ∆ commutes with d H , D and their adjoints.
Notice the terms of the form Tr(α∆ k e −t∆ k ), where∆ k generically denotes some partial Laplacian. Let us suppose that we have chosen the c k in such a way that these partial Laplacians always combine to give full Laplacians. To be precise, suppose the c k are chosen so that there are further constants µ k , perhaps depending on n also, with
Then we would have that
hence after integrating by parts,
Since 1/Γ(s) = O(s), recalling the properties of the zeta function, f (s) • is regular at the origin. Notice also that, from Theorem 3.2, f (0) • consists of a local term given by the integral of α applied to local heat coefficients, together with a global term coming from the nullspace of ∆.
If f (s)
• is regular at the origin, letting s → 0 in the above equation gives
We shall deal with the global term in f (0) • below. Modulo this and the choice of constants c k , we then have achieved our goal of writing a variation formula for Tor in terms of local data.
Let us now specify the c k . From the discussion above, equation (4.2) and the formula (4.1) for ∆, for k ≤ n − 2 we require that there be constants ν k such that
Solving these two equations for ν k and then equating gives the recursive formula
To specify c n , we first need to deal with the Tr(αDD * e −t∆ n+1 ) term in Thus upon arbitrarily choosing c 0 and c 1 , formulae (4.5) and (4.6) uniquely specify an appropriate set of c k .
As in [8] , however, let us now impose a further condition on the c k , which will take away one degree of freedom in their choice. First a straightforward lemma.
Lemma 4.2. Under the conformal variation given by the line of pairs
Our additional condition now is that under variation of contact form given in the lemma, we require the c k satisfy
for some constant µ.
Using Lemma 4.2 in (4.2), the condition (4.7) requires that for k ≤ n − 2 and some constant λ (4.8)
Shifting k → k − 1 in the second equation, we have the following system of equations for k ≤ n − 1:
The determinant of the square matrix here is −(n − k) 2 (n − k + 2) 2 λ(λ + 4). Thus (4.8) has a nontrivial solution if and only if λ is 0 or −4.
On the other hand to determine c n we use the system (4.9) 4c n + 16c n−1 = λc n −8c n − 32c n−1 = 4λc n−1 , which again is solvable if and only if λ is 0 or −4. Observe though that λ = 0 would imply that c n = −4c n−1 .
Comparing this to (4.6), we see that this would force all of the c k to vanish. We thus need to consider only what happens when λ = −4. From (4.8) and (4.9) we finally obtain the required specification of the c k :
c n = −2c n−1 .
To summarise, looking again at (4.8) and (4.9), we have shown that
This satisfies the criterion (4.3). Moreover specialising the above equation to conformal variation (θ ε = e 2Υε θ, J ε = J) of contact form only gives
which satisfies the criterion (4.7). From (4.4) then, we have proved the following:
with the c k defined by (4.10) , κ(0) is independent of the choice of contact form θ and almost complex structure J, i.e., is a contact invariant. Moreover the variation of
where a n+1;k is the t 0 coefficient in the diagonal small-time asymptotic expansion of the heat kernel of ∆ k and P k is orthogonal projection onto the nullspace of ∆ k .
This completes the proof of the Main Theorem.
Remark. As may be seen from (4.11), in order to investigate whether Tor has any contact-invariant properties one needs to calculate the local coefficients of t 0 in the diagonal small-time asymptotic expansion of the heat kernel (3.1). Formulae for calculating these coefficients are built into the pseudodifferential construction of the heat kernel, however implementing these in practice seems hopeless, as also noted in [5] , even in the lowest dimension. None of the other standard ways (e.g., Gilkey [17] ) of calculating heat coefficients in the classical elliptic setting seem to work here either.
As for the classical Reidemeister / Ray-Singer torsion, we can hope to remove the global term in the variation formula (4.11) coming from the nullspace of the Laplacian by twisting the Rumin complex with a flat bundle and then assuming the twisted cohomology vanishes. Since Rumin cohomology coincides with de Rham cohomology, this assumption is reasonable, so far as it is reasonable in the classical setting.
More precisely, let
be a unitary representation on C n . Associated to ρ is a Hermitian complex rank N vector bundle V ρ equipped with a canonical metric-preserving flat connection ∇. Indeed the total space of
where ( x, v) ∼ ( y, w) if and only if γ · x = y and ρ(γ −1 )v = w, for some γ ∈ π 1 (M ). The connection ∇ is defined locally as follows: over a small open set in U ⊂ M over which M is disjoint copies of U , pick a basis {v j } of C N and define a frame by setting s j (x) to be the equivalence class of ( x, v j ), for x a lift of x ∈ U . Then set ∇(a j s j ) = da j ⊗ s j . One checks that this is independent of the choices involved, and moreover that the ∇ glue together to give a connection on all of M . We can now use the twisted de Rham operator d ∇ to form a twisted Rumin complex. The twisted Rumin heat operators will continue to have invertible Volterra-Heisenberg principal symbols, since this is a local statement and ∇ is locally trivial. Note also that since the representation ρ is unitary, the (twisted) Hodge star still commutes with the Laplacian, so there is no change to our earlier argument.
Summarising, contact analytic torsion Tor(M, H, θ, J, ρ) now also depends on a unitary representation of π 1 (M ). If we assume that ρ is acyclic, i.e., that the twisted cohomology vanishes, then the variation of Tor is given by only the integrated local term in (4.11).
5. Dimension three 5.1. More explicit formulae. We can be more precise about the formula for the variation of Tor in dimension three (n = 1). For this discussion we complexify H and work in a local frame {Z 1 , Z 1 } and coframe {θ 1 , θ 1 }. Now under a constant scaling of contact formθ := c 2 θ, the relevant heat coefficient scales as tr(αa 2;k ) = c −4 tr(αa 2;k ). This is easily verified by an argument similar to that for [4, (6.48) ]. Basic invariant theory (see, e.g., [30] ) then tells us that tr(αa 2;k ) must be a universal linear combination of where Scal, A, ∆ b and a comma subscript denote respectively the scalar curvature, torsion, sublaplacian and covariant differentiation with respect to the Tanaka-Webster connection (see [31] , [34] ) of (θ, J). Now κ(0) is the integral of a linear combination of these terms, which is moreover independent of the choice of θ. A familiar argument (see, e.g., [5] ) shows that the integral of a linear combination of Scal 2 and |A| 2 can never be contact invariant. Thus κ(0) is the integral of a divergence, so it vanishes identically. We thus have:
and under a conformal variation (θ ε = e 2Υε θ, J ε = J),
In dimension three, J is usually called a CR structure; let us now consider its deformations. As in [12] , a generic such deformation in the direction of an E ∈ End(H) is
Now under deformation of J, α = * −1 * • clearly vanishes on functions. On the under hand, on sections of R 1 ∼ = H * , it is easy to check that in an orthonormal frame * −1 *
Thus we have: 
where locally we have written
Finally, let us make an explicit choice of constants. Setting c 0 = 1, equation (4.10) tells us to take
Thus in dimension three,
5.2. Example: CR spherical space forms. The three-dimensional CR spherical space forms are quotients Γ\S 3 of the three-sphere, with standard contact and CR structure, by a fixed-point-free finite subgroup of Aut CR (S 3 ). In this section we indicate how to calculate the value of Tor on such manifolds.
Let Γ ∼ = Z p and assume for simplicity that the unitary representation (4.12) is one-dimensional:
where λ j and µ j denote respectively the eigenvalues of the operators (δ H d H ) 2 and D * D| ker δ H acting on twisted (with V ρ ) Rumin forms on Γ\S 3 , and N denotes the multiplicity of an eigenvalue. However it is readily verified that twisted eigenforms Ω k (Γ\S 3 , V ρ ) with eigenvalue λ are in a one-toone correspondence with eigenforms Ω k (S 3 ) with eigenvalue λ that satisfy γϕ = ρ(γ)ϕ, for γ ∈ Γ. Thus
for {ϕ} an orthonormal basis of the eigenspace of λ on S 3 .
We next need to calculate the spectrum of the operators (δ H d H ) 2 and D * D| ker δ H acting on Rumin forms on S 3 . Firstly consider (δ H d H ) 2 acting on functions on S 3 . It is well-known (see, e.g., [15] ) that, since S 3 ∼ = U (2)/U (1), as a representation space of U (2) the space of L 2 functions on S 3 decomposes with multiplicity free as
(q, −p). 
Proof. This follows from [18 Explicit evaluation of this formula is of course another matter.
Appendix A. On contact invariants
In recent years, several invariants of contact structures have been defined via local differential geometric techniques. Boutet de Monvel [7] proved that the logarithmic trace of generalised Szëgo projectors is a contact invariant, but later in [6] showed that it always vanishes. Ponge [22] develops a large class of contact invariants via the noncommutative residue traces of Heisenberg-pseudodifferential projections. Biquard-Herzlich-Rumin [5] showed that the residue at zero of an eta function coming from the Rumin complex is a contact invariant. In [28] we proved that the log term coefficient L in the asymptotic expansion of the volume of an approximately Einstein ACH (asymptotically complex hyperbolic) manifold is a contact invariant. Unfortunately, no nonvanishing examples of these invariants are known. (Incidentally, vanishing of Biquard-Herzlich-Rumin's invariant is a necessary and sufficient condition for defining an eta invariant of the Rumin complex-see [5, §9] .) The interested reader should read Ponge's discussion in [22, §4.3] for further information.
We showed in [28] that the contact invariant L in that paper is given as an integral of local invariants of a connection introduced by Tanno [32] and canonically associated to (M, H, θ, J). We called this connection the TWT connection since it coincides with the Tanaka-Webster connection when J is integrable (in particular in dimension three). It is likely that our invariant κ(0) from the Main Theorem of these notes, and indeed all the invariants described above are of this same form.
This reminds us of a result of Gilkey [16] , which settles a famous conjecture of I. M. Singer. Roughly stated it says the following: Theorem A.1 (Gilkey [16] In particular there are no topological invariants of odd dimensional manifolds given by integrating local Riemannian invariants. We wonder if an analogous result holds for contact manifolds, so we close with the following:
Question . If a contact invariant is given as the integral of local TWT invariants, does it always vanish?

